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13.1. Harmonic function in the disk

Let D := {x2 + y2 < 1}. Find the solution to the following problem{
∆u = 0, for (x, y) ∈ D,

u(x, y) = x3 + x, for (x, y) ∈ ∂D.

Hint: It holds cos(θ)3 = 1
4(3 cos(θ) + cos(3θ)).

13.2. Harmonic function in the annulus

Find the solution to the following problem, posed for 2 < r < 4 and −π < θ ≤ π:
∆u = 0, for 2 < r < 4,

u(2, θ) = 0, for − π < θ ≤ π,
u(4, θ) = sin(θ), for − π < θ ≤ π.

13.3. Big on the boundary, small inside

Let Br := {x2 + y2 < r} be the ball centered at the origin with radius r > 0. Find a
harmonic function u : B̄1 → R such that

|u| < 0.00001 in B 1
2

and
∫

∂B1
|u| > 1000 .
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